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Abstract
The Banach operator ideals generated by an interpolative construction depending on concave func-
tions are studied. These ideals are described in terms of factorization through abstract interpolation
Lorentz spaces. The abstract notion of Rademacher type and cotype for operators between Banach
spaces is introduced. It is shown that abstract interpolation Lorentz spaces that appeared in the fac-
torization theorem are of the generalized Rademacher cotype determined by Orlicz sequence spaces.
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1. Introduction
In [15] Niculescu introduced the concept of absolute continuity for operators between
Banach spaces and proved some basic results. He proved that there are essentially only two
classes of absolutely continuous operators: weakly compact operators defined on C(K)-
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discovered (for the proof see, e.g., [7]) that the ideal of absolutely continuous operators
coincides with the closed injective hull of the ideal of absolutely 2-summing operators. Fur-
ther new results on absolutely continuous operators are due to Matter [13,14] who proved
that every absolutely continuous operator is uniformly convexifying. This result has been
used then to present a new proof of Rosenthal’s theorem, that reflexive quotients of C(K)-
spaces are already in fact quotients of Lp(μ)-spaces for some probability measure μ on K
and some q ∈ [2,∞). In [13] the ideal of the so-called (p, θ)-absolutely continuous opera-
tors between Banach spaces generated by a certain interpolative procedure depending on a
real parameter 0 < θ < 1 has been studied (we also refer to [8], where the general scheme
was developed).
The purpose of the present paper is to give further results in this direction. We study
the Banach operator ideals generated by an interpolative procedure depending on concave
functions. This implicitly goes back to the work of Matter from [13,14], where the power
case has been studied. These ideals are described in terms of factorization through abstract
interpolation Lorentz spaces. In Section 3 we introduce the abstract notion of Rademacher
E type and cotype for operators between Banach spaces. We investigate this notion for
operators generated by mentioned above interpolative construction. It is shown, among
others that under certain conditions an abstract interpolation Lorentz space that appeared
in the factorization theorem is of the generalized Rademacher cotype ϕ , where ϕ is an
Orlicz sequence space.
2. Interpolative construction for operator ideals
We shall use the notations and notions from the Banach space theory. If E is a Banach
space, then BE is its (closed) unit ball and E∗ its dual. As usual L(E,F ) denotes the Ba-
nach space of all (bounded and linear) operators from E into F endowed with the operator
norm. If E ⊂ F , then E ↪→ F means that the natural inclusion map J :E → F is bounded.
The standard references on operator ideals are the monographs [5,17].
If E is a Banach sequence lattice on N and (Xn)∞n=1 is a sequence of Banach spaces,
then the space (
∑
n ⊕Xn)E , called the E-sum of Xn, is defined as follows:(∑
n
⊕Xn
)
E
:=
{
(xn) ∈
∏
n
Xn;
(‖xn‖Xn) ∈ E
}
.
The E-sum (
∑
n ⊕Xn)E is a Banach space under the norm ‖(xn)‖ = ‖(‖xn‖Xn)‖E .
If E = p (1  p ∞) we put (∑n ⊕Xn)p = (∑n ⊕Xn)E . If Xn = X for all n ∈ N
we put E(X) = (∑n ⊕Xn)E .
Throughout the paper for positive functions f and g, we write f 	 g whenever f ≺ g
and g ≺ f , where f ≺ g means that there is some c > 0 such that f  cg. The set of
all functions ϕ : [0,∞) × [0,∞) → [0,∞) which are non-decreasing in each variable and
are positively homogeneous (that is, ϕ(λs,λt) = λϕ(s, t) for all λ, s, t  0) is denoted
by Φ . If in addition ϕ is concave, then we write ϕ ∈ P . The subset of all ϕ ∈ Φ for which
ϕ(s,1) → 0 and ϕ(1, t) → 0 as s → 0 and t → 0 is denoted by Φ0. For any ϕ ∈ Φ we
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tion ϕ) by ϕ∗(s, t) = 1/ϕ(s−1, t−1) for s, t > 0,
ϕ(s, t) = sup
{
ϕ(us, vt)
ϕ(u, v)
; u,v > 0
}
and respectively
ϕ˜(s, t) = inf
α,β>0
(
s
α
+ t
β
)
ϕ(α,β)
for s, t  0. We note that ϕ˜ ∈P and satisfies ϕ  ϕ˜  2ϕ.
Given ϕ ∈ P and two Banach operator ideals (A, α) and (B, β). Following [8,14] we
present below a procedure how to construct other Banach operator ideals. For a given
Banach spaces X and Y by (A,B)ϕ we denote the space all operators T ∈ L(X,Y ) such
that for some Banach spaces Zj and operators Sj : X → Zj (j = 0,1) with α(S0)  1,
β(S1) 1 and for some λ > 0 there holds
‖T x‖Y  λϕ
(‖S0x‖Z0,‖S1x‖Z1) for all x ∈ X.
We put γϕ(T ) as the infimum of the values of λ for which the inequality holds with suitable
operators S0 and S1 described above.
It is easy to see that an operator T : X → Y belongs to (A,B)ϕ(X,Y ) if and only if
there exist Banach spaces Z0,Z1 and operators S0 ∈ A(X,Z0) and S1 ∈ B(X,Z1) such
that
‖T x‖Y  ϕ
(‖S0x‖Z0,‖S1x‖Z1)
holds for all x ∈ X. Moreover, for each T ∈ (A,B)ϕ(X,Y ), we have
γϕ(T ) 	 inf max
{
α(S0), β(S1)
}
,
where the infimum is taken over all operators S0 and S1 admitted the above estimate.
If B = L we put (Aϕ,αϕ) = (A,L)ϕ . If we take, in particular, ϕ(s, t) = s1−θ tθ ,
0 < θ < 1, we obtain in this way the construction (α,β)θ studied in [13,14].
Given an ideal A, its injective hull, Ai is defined by T ∈ Ai (X,Y ) if JY T ∈
A(X, ∞(BY ∗)), where JY :Y → ∞(BY ∗) is the canonical isometric embedding. An ideal
A is said to be injective if A = Ai . We write A for the ideal of all operators T :X → Y
which satisfy ‖Tn − T ‖ → 0 as n → ∞ for some sequence (Tn) in A(X,Y ). If A = A,
then A is said to be closed.
In order to make the paper as self-contained as possible, we start with the following
technical result. For the sake of completeness we include a proof (cf. [13]).
Theorem 2.1. Let ϕ ∈ P and let (A, α), (B, β) be Banach operator ideals. Then the fol-
lowing statements are true:
(i) (A,B)ϕ) is an injective Banach operator ideal.
(ii) If A is a closed and injective ideal, then Aϕ =A.
(iii) If ϕ(s,1) → 0 as s → 0 and Aϕ =A, then A is a closed ideal.
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the inclusion (A,B)ϕ ↪→ L follows by an obvious inequality γϕ(T ) c‖T ‖ that is true for
any T ∈ (A,B)ϕ , where c = ϕ(1,1).
Fix a sequence (Tn) in (A,B)ϕ(X,Y ) with
∑∞
n=1 γϕ(Tn) < ∞. Since (A,B)ϕ ↪→ L,
the series
∑∞
n=1 Tn converges to an operator T in L(X,Y ). Given ε > 0, there exists a
sequence (Zin) of Banach spaces and a sequence (Sin) of operators Sin :X → Zin for all
n ∈ N (i = 0,1) such that α(S0n) 1, β(S1n) 1 and
‖Tnx‖Y  λnϕ
(∥∥S0nx∥∥Z0n ,∥∥S1nx∥∥Z1n) for all x ∈ X,
where λn = γϕ(Tn) + ε/2n for all n ∈ N.
For i = 0,1 define Banach spaces Zi = (∑n ⊕Zin)1 and operators Si :X → Zi by Si =
(⊕nθnTn), where θn = λn/∑∞n=1 λn. Since∑∞n=1 θn = 1, the concavity of ϕ, and the above
inequalities yield
‖T x‖Y 
∞∑
n=1
λnϕ
(∥∥S0nx∥∥Z0n ,∥∥S1nx∥∥Z1n)
 λϕ
( ∞∑
n=1
θn
∥∥S0nx∥∥Z0n ,
∞∑
n=1
θn
∥∥S1nx∥∥Z1n
)
 λϕ
(∥∥S0x∥∥
Z0,
∥∥S1x∥∥
Z1
)
for all x in X, where λ =∑∞n=1 λn.
Now observe that Si = ∑∞n=1 θnJnSin for i = 0,1 implies α(S0)  1 and β(S1)  1.
In consequence T ∈ (A,B)ϕ(X,Y ) with γϕ(T )  λ = ∑∞n=1 γϕ(Tn) + ε. Since ε > 0 is
arbitrary, it follows that
γϕ(T )
∞∑
n=1
γϕ(Tn).
This proves, in particular, the triangle inequality of γϕ . Moreover, the above inequality
applied to the operator T −∑∞k=n+1 Tk shows that
γϕ
(
T −
∞∑
k=n+1
Tk
)

∞∑
k=n+1
γϕ(Tk) → 0 as n → ∞,
and this completes the proof of (i).
(ii) It easy to check that for any ϕ ∈ P ,
Ai ↪→Aψ ↪→Ai,
whence the statement follows.
(iii) Suppose by a contradiction that A is not a closed ideal. This imply that there exist
Banach spaces X and Y and a sequence (Tn) of operators in A(X,Y ) such that α(Tn) = 1
for all n ∈ N and ‖Tn‖ → 0 as n → ∞. Now, observe that if 0 = T ∈ A(X,Y ), then for
S = T/α(T ) the following estimate
‖T x‖Y = ϕ
(‖T x‖Y ,α(T )‖Sx‖Y ) cϕ(‖T ‖, α(T ))ϕ(‖x‖X,‖Sx‖Y )
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αϕ(T ) cϕ
(‖T ‖, α(T )).
Now assume that Aϕ =A. Then there exists a constant c1 such that c1α(T ) αϕ(T ). In
consequence the above inequality implies
α(T ) Cϕ
(‖T ‖, α(T )).
A contradiction, by ϕ(‖Tn‖,1) → 0 as n → ∞. 
In what follows, we show a unified presentation of factorization theorem for Banach
ideals generated by interpolative procedure. The first result, in case of the power function
ϕθ (s, t) = s1−θ tθ , was proved in [13].
We need additional notations and preliminary results which are crucial throughout the
paper. Let ϕ ∈ Φ and X = (X0,X1) be a Banach couple. Following [16] an abstract Lorentz
space Λϕ(X) consists of all x ∈ X0 + X1 such that
x =
∑
n∈Z
un (convergence in X0 + X1),
where un ∈ X0 ∩ X1, and∑
n∈Z
ϕ
(‖un‖X0,‖un‖X1)< ∞.
The norm on Λϕ(X) is defined by
‖x‖Λϕ(X) = inf
∑
n∈Z
ϕ
(‖un‖X0,‖un‖X1),
where infimum is taken over all series described above.
In order to show the equivalence with other definitions, we introduce Peetre’s J - and
K-functionals. Let X = (X0,X1) be a Banach couple. For t > 0,
J (t, x;X) := max{‖x‖X0, t‖x‖X1} for x ∈ X0 ∩ X1,
and
K(t, x;X) := inf{‖x0‖X0 + t‖x1‖X1; x = x0 + x1} for x ∈ X0 + X1.
Proposition 2.1. Assume that X = (X0,X1) is an ordered Banach couple, i.e., X0 ↪→ X1.
Then Λϕ(X) coincides with the space of all x ∈ X1 such that x =∑k0 uk (convergence
in X1) with uk ∈ X1, ∑k0 J (2k, uk;X)ϕ(1,2−k) < ∞ and the norm is equivalent to
‖x‖∗ϕ = inf
{∑
k0
J
(
2k, uk;X
)
ϕ
(
1,2−k
); x =∑
k0
uk
}
.
Proof. It is easy to check that Λϕ(X) is the space of all x ∈ X0 + X1 which can be repre-
sented in the form x =∑k∈Z uk (convergence in X0 + X1) with uk ∈ X0 ∩ X1 equipped
with an equivalent norm given by
‖x‖ϕ = inf
{∑
J
(
2k, uk;X
)
ϕ
(
1,2−k
); x =∑uk
}
.k∈Z k∈Z
M. Mastyło / J. Math. Anal. Appl. 319 (2006) 460–474 465Given x ∈ Λϕ(X) with ‖x‖ϕ < 1, there exists uk ∈ X0 such that x =∑k∈Z uk (conver-
gence in X1) and∑
k∈Z
J
(
2k, uk;X
)
ϕ
(
1,2−k
)
 1.
This implies that∑
k0
‖uk‖X0ϕ(1,1) +
∑
k1
J
(
2k, uk;X
)
ϕ
(
1,2−k
)
 1,
and thus the series
∑
k0 uk converges in X0. In consequence, x =
∑
k0 xk (convergence
in X1) with x0 :=∑k0 uk , xk := uk ∈ X1 for k  1 and∑
k0
J
(
2k, uk;X
)
ϕ
(
1,2−k
)
 1
yields ‖x‖∗ϕ  1. Since ‖ · ‖∗ϕ  ‖ · ‖ϕ , the proof is complete. 
Proposition 2.2. Let X = (X0,X1) be a couple of Banach spaces and let ϕ ∈ Φ . Then
there exists a constant C such that for any x ∈ X0 ∩ X1 there exists a finite subset F ⊂ Z
(respectively a finite subset F ⊂ N) and xk ∈ X0 ∩ X1, k ∈ F such that x =∑k∈F xk and∑
k∈F
ϕ
(‖xk‖X0,‖xk‖X1) C‖x‖Λϕ(X)
whenever ϕ ∈ Φ0 (respectively X0 ↪→ X1 and ϕ(1, t) → 0 as t → 0).
Proof. As it was noticed above Λϕ(X) coincides with the space of all x ∈ X0 + X1 that
can be represented in the form x =∑k∈Z uk (convergence in X0 +X1) with uk ∈ X0 ∩X1
equipped with an equivalent norm
‖x‖ϕ = inf
{∑
k∈Z
J
(
2k, uk;X
)
ϕ
(
1,2−k
); x =∑
k∈Z
uk
}
.
Fix x ∈ X0 ∩X1 with ‖x‖ϕ = 1. Given ε > 0, there exists xk ∈ Δ such that x =∑k∈Z uk
and ∑
k∈Z
J
(
2k, uk
)
ϕ
(
1,2−k
)
 1 + ε.
For a positive integer N put xN =∑kN uk and x−N =∑k−N uk . Then we have
‖xN‖X0  ‖x‖X0 +
∥∥∥∥ ∑
kN−1
uk
∥∥∥∥
X0
 ‖x‖X0 +
∑
kN−1
1
ϕ(1,2−k)
∥∥ϕ(1,2−k)uk∥∥X0
 ‖x‖Δ + 1 + ε−Nϕ(1,2 )
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‖xN‖X1 =
∥∥∥∥∑
kN
1
ϕ(2k,1)
ϕ
(
1,2−k
)
2kuk
∥∥∥∥
X1
 1 + ε
ϕ(2N,1)
.
In a similar way we obtain that ‖x−N‖X0  (1 + ε)/ϕ(1,2N) and ‖x−N‖X1  ‖x‖Δ +
(1 + ε)/ϕ(2−N,1). Combining the above estimates with the inequality ϕ(s, t) 
max{s,2kt}ϕ(1,2−k) true for any s, t  0 and k ∈ Z, we conclude that for xk := uk with
|k| < N ,∑
|k|N
ϕ
(‖xk‖X0,‖xk‖X1) ∑
|k|N
J
(
2k, xk
)
ϕ
(
1,2−k
)+ J (2−N,x−N )ϕ(1,2N )
+
N−1∑
k=−N+1
J
(
2k, uk
)
ϕ
(
1,2−k
)+ J (2N,xN )ϕ(1,2−N )
 3(1 + ε) + 2ϕ(1,2−N )‖x‖Δ.
If ϕ ∈ Φ0, it suffices to take F = {k ∈ Z; |k|N}, where N is large enough. If X0 ↪→ X1
and ϕ(1, t) → 0 as t → 0, we apply Proposition 2.1 and the above arguments to get a
required finite set F ⊂ N. 
In what follows, we define for any operator S :E → F between Banach spaces the
image space S(E) as the Banach space {Sx; x ∈ E} equipped with the norm defined by
‖y‖S(E) = inf
{‖x‖E; Sx = y}.
Recall that a Banach couple A = (A0,A1) is said to be an ordered couple if A0 ↪→ A1.
Theorem 2.2. Suppose ϕ ∈ Φ is such that ϕ(1, t) → 0 as t → 0, and that operators
T :X → Y , S :X → Z satisfy the inequality ‖T x‖Y  ϕ(‖x‖X,‖Sx‖Z) for all x ∈ X.
Then there exist an ordered Banach couple A = (A0,A1) and an operator R :Λϕ(A) → Y
with ‖R‖ γϕ(T ) such that T admits a factorization:
T :X
S−→ A0 J−→ Λϕ(A0,A1) R−→ Y,
where J is the natural inclusion map.
Proof. Clearly S ∈ L(X,S(X)). Moreover, the inequality ‖T x‖Y  ϕ(‖x‖X,‖Sx‖Z) for
all x ∈ X implies that ker(S) ⊂ ker(T ). This implies that the operator T :S(X) → Y
given by T (z) := T x for z = S(x) ∈ S(X) is well defined and does not depend on
a representation of z in the form z = Sx. Fix z ∈ S(X), then given ε > 0 there ex-
ists x ∈ X such that ‖x‖X  (1 + ε)‖z‖S(X). Combining the above inequalities, we get
‖T z‖Y  (1 + ε)ϕ(‖z‖S(X),‖z‖Z). Since ε > 0 is arbitrary,
‖T z‖Y  ϕ
(‖z‖S(X),‖z‖Z)
holds for all z ∈ S(X). Now, consider the ordered Banach couple A = (A0,A1) :=
(S(X),Z). Since S(X) ↪→ Z and ϕ(1, t) → 0 as t → 0, it follows by Proposition 2.2
that there exists a constant C > 0 such that the inequality
‖T a‖Y  C‖a‖Λϕ(A)
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continuous extension R of T from Λϕ(A) into Y . Clearly T = SJR, i.e., T admits the
required factorization. 
Following [2], an intermediate Banach space A with respect to a Banach couple A is
said to be of the class CK(θ;A), 0 < θ < 1, if K(t, a;A)  Ctθ‖a‖A for all a ∈ A. We
finish this section with some applications. In the next proposition and in the following
we use Orlicz–Matuszewszka indices (cf. [9,11]). Recall that if a function ρ : R+ → R+ is
non-nondecreasing and M0(t, ρ) := lim supu→0+(ρ(tu)/ρ(u)), then the lower index α0(ρ)
and the upper index β0(ρ) of the function ρ are defined by
α0(ρ) = lim
t→0+
lnM0(t, ρ)
ln t
, β0(ρ) = lim
t→∞
lnM0(t, ρ)
ln t
.
Proposition 2.3. Let ϕ ∈ Φ be such that α0(ρ) > 0, where ρ = ϕ(1, ·) and let X =
(X0,X1) be an ordered Banach couple. If X is of the class CK(θ;X) with 0 < θ < α0(ρ),
then
X ↪→ Λϕ(X0,X1).
Proof. Fix x ∈ X with ‖x‖X  1. Then, it follows that min(1,1/t)K(t, x;X) → 0 as
t → 0 or t → ∞. Consequently, the fundamental lemma of interpolation theory (see [2,
Lemma 3.3.2]) implies the existence of a representation x =∑k uk (convergence in X1)
such that
J
(
2k, uk;X
)
 γK
(
2k, x;X) for all k ∈ Z,
where γ < 4. Hence our hypothesis X0 ↪→ X1 yields ∑k0 ‖uk‖X0 < ∞, thus the sum
x0 :=∑k0 uk exists in X0. Since 0 < θ < α0(ρ), there exists a constant c > 0 such that
ϕ(1, ut) cϕ(1, u)tα0(ρ)−θ
for all u and 0 < t  1. We set xk = uk for k  1. Then combining above estimates, we get∑
k0
ϕ
(‖xk‖X0,‖x1‖X1)∑
k0
J
(
2k, xk;X
)
ϕ
(
1,2−k
)
≺
∑
k0
K
(
2k, x;X)ϕ(1,2−k)≺∑
k0
2−kα0(ρ) < ∞.
Since x =∑k0 xk (convergence in X1) with xk ∈ X0 for k  1, the proof is complete. 
Let us recall that if λ 1, then a Banach space Y is λ-representable in a Banach space X
if for any ε > 0 and any finite dimensional subspace F of Y we can find a finite dimensional
subspace of X and an isomorphism u : F → E such that ‖u‖‖u−1‖  λ + ε. As usual
1-representable space is called finitely representable.
The Banach space E is said to be super-reflexive if every Banach space that is finitely
representable in E is reflexive.
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T :X → Y and S :X → Z satisfy the inequality ‖T x‖Y  ϕ(‖x‖X,‖Sx‖Z) for all x ∈ X.
Then T admits a factorization through a super-reflexive space whenever S factors through
a super-reflexive space.
Proof. Since α0(ρ) > 0, ϕ(1, t) → 0 as t → 0. It is a classical result of Enflo and James
that a Banach space E is super-reflexive if and only if E can be given an equivalent,
uniformly convex norm (see, e.g., [11]). If S :X → Z factors through a super-reflexive
space, we may assume without loss of generality that Z is uniformly convex. Thus ap-
plying Theorem 2.1 and Proposition 2.3, we conclude that there exists an ordered Banach
couple X = (X0,X1) with X0 uniformly convex such that for any 0 < θ < α0(ρ) an op-
erator T :X → Y admits a factorization through an interpolation space Xθ of the class
C(θ,X) (see [2]). Thus taking, e.g., Xθ = (X0,X1)θ,2 the real interpolation space or
Xθ = [X0,X1]θ in the case of complex spaces, we conclude by [1,4] that Xθ is a uni-
formly convex Banach space. This completes the proof. 
3. The generalized Rademacher type and cotype
It is well known that the concepts of type and cotype is extremely useful within the
structure theory of Banach spaces. In this section we introduce a natural extension of this
notion in order to study operators generated by an interpolative construction. Throughout
the paper (ek) will be used to denote the standard unit vectors.
Let E and F be Banach sequence spaces such that 1 ↪→ E ↪→ 2 and 2 ↪→ E ↪→ ∞.
Let u :X → Y be an operator between Banach spaces.
(i) We say that u is of the Rademacher type E (in short of type E), if there is a constant
C such that, for all finite subsets {x1, . . . , xn} of X,( 1∫
0
∥∥∥∥∑
kn
rk(t)uxk
∥∥∥∥
2
Y
dt
)1/2
 C
∥∥∥∥∑
kn
‖xk‖Xek
∥∥∥∥
E
.
We denote by TE(u) the smallest constant C with this property.
(ii) We say that u is of the Rademacher cotype F (in short of cotype F ), if there is a
constant C such that, for all finite subsets {x1, . . . , xn} of X,
∥∥∥∥∑
kn
‖xk‖Xek
∥∥∥∥
F
 C
( 1∫
0
∥∥∥∥∑
kn
rk(t)uxk
∥∥∥∥
2
Y
dt
)1/2
.
We denote by CF (u) the smallest constant C with this property. Recall that here (rk)∞k is
the sequence of the Rademacher functions.
These notions are especially important when u is the identity operator on X. In this
case we simply say that X is of type E (respectively cotype F ), and if E = p (1 p  2)
(respectively F = q (2 q ∞)), then we say that X is of type p (respectively cotype q).
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generalized type and cotype. The following is an immediate consequence of our definitions:
Proposition 3.1. Suppose that a Banach space Y is λ-representable in a Banach space X
for some λ 1. Then, we have the following:
(i) If X has type E, then so does Y , and TE(Y ) λTE(X).
(ii) If X has cotype F , then so does Y , and CF (Y ) λCF (X).
We have also the following technical result:
Proposition 3.2. Let u :X → Y be an operator of type E. Then its adjoint u∗ :Y ∗ → X∗ is
of cotype E′ with CE′(u) TE(u). In particular, if X is of type E, then the dual space X∗
is of cotype E′.
Proof. For arbitrary y∗1 , . . . , y∗n ∈ Y ∗, we have∥∥∥∥∑
kn
∥∥u∗y∗k∥∥X∗ek
∥∥∥∥
E′
= sup
{∑
kn
〈
u∗y∗k , xk
〉; xk ∈ X,
∥∥∥∥∑
kn
‖xk‖Xek
∥∥∥∥
E
 1
}
.
Since
∑
kn
〈
u∗y∗k , xk
〉=∑
kn
〈
y∗k , uxk
〉=
1∫
0
〈∑
kn
rk(t)y
∗
k ,
∑
kn
rk(t)uxk
〉
dt

( 1∫
0
∥∥∥∥∑
kn
rk(t)y
∗
k
∥∥∥∥
2
Y ∗
dt
)1/2( 1∫
0
∥∥∥∥∑
kn
rk(t)xk
∥∥∥∥
2
X
dt
)1/2

( 1∫
0
∥∥∥∥∑
kn
rk(t)y
∗
k
∥∥∥∥
2
Y ∗
dt
)1/2
TE(u)
∥∥∥∥∑
kn
‖xk‖Xek
∥∥∥∥
E
,
from the above inequality, we get
∥∥∥∥∑
kn
‖u∗y∗k ‖X∗ek
∥∥∥∥
E′
 TE(u)
( 1∫
0
∥∥∥∥∑
kn
rk(t)y
∗
k
∥∥∥∥
2
Y ∗
dt
)1/2
. 
In order to show general examples of spaces which are of the generalized type or cotype
we need auxiliary definition. Let F be a Banach sequence space and E be a Banach lattice
on a measure space (Ω,μ). E is said to be F -convex (respectively F -concave) if there is
a constant C such that, for any choice of finitely many elements x1, . . . , xn ∈ E, we have∥∥∥∥
∥∥∥∥∑ |xk|ek
∥∥∥∥
F
∥∥∥∥
E
 C
∥∥∥∥∑ ‖xk‖Eek
∥∥∥∥
Fkn kn
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kn
‖xk‖Eek
∥∥∥∥
F
C
∥∥∥∥
∥∥∥∥∑
kn
|xk|ek
∥∥∥∥
F
∥∥∥∥
E
.
We write MF(E) (respectively MF(E)) for the least constant that works. Normally, the
p-convex with 1 p < ∞ (respectively p-concave) Banach lattices with 1 p < ∞ are
called p-convex (respectively q-concave) (see [11]).
We recall that for a given Banach lattice on a measure space (Ω,μ) and a Banach
space X, we denote by E(X) the set of all strongly-measurable functions f :Ω → X such
that ‖f (·)‖X ∈ E. This is a Banach space under pointwise operations and a natural norm
given by
‖f ‖E(X) :=
∥∥∥∥f (·)∥∥
X
∥∥
E
.
In the proof of the next theorem we use the special variant of the well-known Kahane’s
inequality which states (see [10]) that
( 1∫
0
∥∥∥∥∑
kn
rk(t)xk
∥∥∥∥
2
X
dt
)1/2

√
2
1∫
0
∥∥∥∥∑
kn
rk(t)xk
∥∥∥∥
X
dt
for any finite sequence of elements x1, . . . , xn in any normed space X.
Theorem 3.1. Let E be a Banach lattice on a measure space (Ω,μ) and let X be a Banach
space. Then the following statements are true:
(i) If E is F -concave and X is of cotype F , then E(X) is of cotype F .
(ii) If E is F -convex and X is of type F , then E(X) is of type F .
Proof. (i) For arbitrary f1, . . . , fn ∈ E(X), we have by the Kahane inequality∥∥∥∥∑
kn
‖fk‖E(X)ek
∥∥∥∥
F
=
∥∥∥∥∑
kn
∥∥∥∥fk(·)∥∥X∥∥Eek
∥∥∥∥
F
MF(E)
∥∥∥∥
∥∥∥∥∑
kn
∥∥fk(·)∥∥Xek
∥∥∥∥
F
∥∥∥∥
E
MF(E)CF (X)
∥∥∥∥∥
( 1∫
0
∥∥∥∥∑
kn
fk(·)rk(t)
∥∥∥∥
2
X
)1/2
dt
∥∥∥∥∥
E

√
2MF(E)CF (X)
1∫
0
∥∥∥∥
∥∥∥∥∑
kn
fk(·)rk(t)
∥∥∥∥
X
∥∥∥∥
E
dt
= √2MF(E)CF (X)
1∫
0
∥∥∥∥∑
kn
fkrk(t)
∥∥∥∥
E(X)
dt.
The proof of (ii) is similar. 
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that if E = (E0,E1) be a couple of Banach lattices on measure space (Ω,μ) (i.e., σ -finite
and complete measure space) and ϕ ∈ P . Then the Calderón–Lozanovsky space ϕ(E) =
ϕ(E0,E1) consists of all x ∈ L0(μ) for which |x| = ϕ(|x0|, |x1|) for some xj ∈ Ej , j =
0,1. The space ϕ(E) equipped with the norm
‖x‖ = inf{max{‖x0‖E0,‖x1‖E1}; |x| = ϕ(|x0|, |x1|), xj ∈ Ej , j = 0,1}
is a Banach lattice (see [12]). In the case of the power function ϕθ (s, t) = s1−θ tθ with
0  θ  1, ϕθ (E) is the well-known Calderón space E1−θ0 Eθ1 (see [3]). In particular, the
space Eθ(L∞)1−θ = E(p) for θ = 1/p, 1 < p < ∞ is known as the p-convexification of E
(see [11]).
The Calderón–Lozanovsky spaces are closely related to Orlicz spaces. Let ψ : [0,∞) →
[0,∞) be a Orlicz function, that is, non-decreasing, convex and left-continuous positive
function with ψ(0) = 0. For the function defined by ϕ(s, t) = tψ−1(s/t) if t > 0 and 0 if
t = 0, where ψ−1 is the right continuous inverse of ψ , we have ϕ ∈ P and then for any
measure space (Ω,μ) ϕ(L1,L∞) coincides isometrically with the Orlicz space (see [12])
Lψ(μ) =
{
x ∈ L0(μ); ψ(|x|/λ) ∈ L1(μ)}
equipped with the norm
‖x‖ = inf
{
λ > 0;
∫
Ω
ψ
(|x|/λ)dμ 1}.
If the Orlicz function satisfies the so-called Δ2-condition (in short ψ ∈ (Δ2)), i.e., ψ(2t)
Cψ(t) for some C  1 and all u > 0, then the Orlicz space Lψ(μ) has and order continuous
norm. In the case whenever a measure space is (N,μ) where μ is a counting measure, then
the Orlicz space Lψ(μ) is called an Orlicz sequence space and is denoted as usual by ψ .
Let 1 < p  2 q < ∞, and (Cq,Cq) be the Banach ideal of operators of cotype q . We
have the following:
Proposition 3.3. Let ϕ ∈ Φ and ϕ be an Orlicz function such that ϕ(t) ≺ ψ(tq, tr ) in a
neighborhood of zero for some 2 q, r ∞. Then
(Cq,Cr )ψ(X,Y ) ↪→ Cϕ (X,Y )
for any Banach spaces X and Y .
Proof. By our hypothesis and compactness argument, it follows that there exists c > 0
such that ϕ(t)  cψ(tq, tr ) for all 0  t  1. Let T ∈ (Cq,Cr )ψ(X,Y ) with γψ(T ) < 1.
Then there are Banach spaces E and F and operators u :X → E and v :X → F with
Cq(u) 1 and Cr(v) 1 such that
‖T x‖Y ψ
(‖ux‖E,‖vx‖F ) for all x ∈ BX.
Fix x1, . . . , xn ∈ X with (
∫ 1
0 ‖
∑
kn rk(t)xk‖2X dt)1/2  1. Since Cq(u) 1 and Cr(v) 1,‖uxk‖E  1 and ‖vxk‖F  1 by maxkn ‖xk‖X  1. In consequence we obtain
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kn
ϕ
(‖T xk‖Y ) c∑
kn
ψ
(‖uxk‖qE,‖vxk‖rF )
 cψ
(∑
kn
‖uxk‖qE,
∑
kn
‖vxk‖rF
)
 C = cψ(Cq(u),Cr(v)).
This shows that T is of cotype ϕ and Cϕ (T )max{1,C}. 
We will now show some results on the generalized cotype of abstract interpolation
Lorentz spaces. This line of research was initiated by Xu [20] who proved that if a Ba-
nach couple (A0,A1) is such that A1 is K-convex with cotype q , then for all 0 < θ < 1,
the real interpolation space (A0,A1)θ,1 has cotype q/θ . To extend this result for abstract
Lorentz spaces Λϕ(A0,A1), we first prove a vector-valued continuous inclusion:
Lemma 3.1. Let (X0,X1) be an interpolation couple and E0 and E1 two Banach lattices
on a measure space (Ω,μ). For any ϕ ∈ Φ , the following continuous inclusion holds:
Λϕ
(
E0(X0),E1(X1)
)
↪→ ψ(E0,E1)
(
Λϕ(X0,X1)
)
,
where ψ is a concave minorant of ϕ.
Proof. Let 0 = f ∈ E0(X0)∩E1(X1). Then f (s) ∈ X0 ∩X1, f (s) ∈ Λϕ(X0,X1) for any
s ∈ Ω , and hence∥∥f (s)∥∥
Λϕ(X0,X1)
 ϕ
(∥∥f (s)∥∥
X0
,
∥∥f (s)∥∥
X1
)= ϕ(‖f ‖E0(X0)x0(s),‖f ‖E1(X1)x1(s))
 ϕ
(‖f ‖E0(X0),‖f ‖E1(X1))ϕ(x0(s), x1(s)),
where xj (s) = ‖fj (s)‖Xj /‖f ‖Ej (Xj ) for s ∈ Ω (j = 0,1). Since ‖xj‖Ej  1 for j = 0,1,
it follows that f ∈ E(Λϕ(X0,X1)) with E = ϕ(E0,E1) and
‖f ‖E(Λϕ(X0,X1))  ϕ
(‖f ‖E0(X0),‖f ‖E1(X1)),
whence the desired continuous inclusion follows. 
In what follows we use the notion of the K-convexity of Banach space. For details we
refer to [19]. We only mention here that the K-convex spaces are the same as the spaces
with non-trivial type.
Theorem 3.2. Let X = (X0,X1) be an interpolation couple 2  qj < ∞ (j = 0,1) and
ϕ ∈ Φ0 be such that ϕ∗ ∈ Φ0. Then following statements are true:
(i) If Xj is K-convex and of cotype qj (j = 0,1), then Λϕ(X) is of cotype ψ , where
ψ−1(t) 	 ϕ(t1/q0 , t1/q1).
(ii) If X0 is K-convex and of cotype q0, then Λϕ(X0,X1) is of cotype ψ , where ψ−1(t) 	
ϕ(t1/q0,1).
(iii) If X1 is K-convex and of cotype q1, then Λϕ(X0,X1) is of cotype ψ , where ψ−1(t) 	
ϕ(1, t1/q1).
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then there is an equivalent norm on Λϕ(A) given by
‖a‖ =
∑
k∈Z
K(tk, a;A)ϕ
(
1, t−1k
)
,
where (tk)k∈Z is defined inductively by t0 = 1 and
min
{
ρ(tk+1)
ρ(tk)
,
tk+1ρ(tk)
tkρ(tk+1)
}
= 2,
where ρ(t) = 1/ϕ(1, t−1) for t > 0.
It is easy to check that for every measure space (Ω,μ) and f ∈ L2(X0) + L2(X1),
K
(
t, f ;L2(X0),L2(X1)
)	 ‖f ‖L2(X0+tX1),
where X0 + tX1 denotes the Banach space equipped with the norm K(t, a;X). By the
Kahane’s inequality, we have∥∥∥∥∑
k
rkxk
∥∥∥∥
L1(X0+tX1)

∥∥∥∥∑
k
rkxk
∥∥∥∥
L2(X0+tX1)

√
2
∥∥∥∥∑
k
rkxk
∥∥∥∥
L1(X0+tX1)
for all finite sequences (xk) in X0 +X1. Combining the above estimates, we conclude that
there exists a positive constant C such that∥∥∥∥∑
k
rkxk
∥∥∥∥
Λϕ(L2(X0),L2(X1))
 C
∥∥∥∥∑
k
rkxk
∥∥∥∥
L2(Λϕ(X0,X1))
for all finite sequences (xk) in Λϕ(X0,X1). Since Xj is K-convex and of cotype qj
(j = 0,1), it follows by [18] that the linear operator T defined on L2(X0) + L2(X1)
by Tf = (∫ 10 f rk dm)k is bounded from the interpolation couple (L2(X0),L2(X1)) into
(q0(X0), q1(X1)). By the interpolation property, we have
T :Λϕ
(
L2(X0),L2(X1)
)→ Λϕ(q0(X0), q1(X1)).
Applying Lemma 3.1 and the well-known formula (see [16, pp. 462–463])
ϕ(q0 , q1) = ψ
with ψ−1(t) 	 ϕ(t1/q0 ,1/tq1), we get
Λϕ
(
q0(X0), q1(X1)
)
↪→ ψ
(
Λϕ(X0,X1)
)
,
whence T is a bounded operator from Λϕ(L2(X0),L2(X1)) into ψ(Λϕ(X0,X1)). Now
since Tf = (x1, . . . , xn,0, . . .) for f = ∑kn rkxk with xk ∈ Λϕ(X0,X1), so the space
Λϕ(X0,X1) is of cotype ψ .
The proof of (ii) is similar by the fact that if X0 is K-convex and of cotype q0, then the
operator T is bounded from the couple (L2(X0),L2(X1)) into (q0(X0), ∞(X1)). 
Applying the above result to the classical real interpolation method spaces, we obtain
the following result due to [20].
474 M. Mastyło / J. Math. Anal. Appl. 319 (2006) 460–474Corollary 3.1. If a Banach couple (A0,A1) is such that A1 is K-convex with cotype q ,
then for all 0 < θ < 1, the real interpolation space (A0,A1)θ,1 has cotype q/θ .
We conclude the paper with the following factorization result which is an immediate
consequence of Theorems 2.2 and 3.2.
Theorem 3.3. Let ϕ ∈ Φ0 be such that be such that ϕ∗ ∈ Φ0 and 2  q < ∞. If the op-
erators T ∈ L(X,Y ), S ∈ Cq(X,Z) satisfy the estimate ‖T x‖Y  ϕ(‖x‖X,‖Sx‖Z) for all
x ∈ X, then there exits an interpolation Banach couple A such that T admits a factoriza-
tion through the Lorentz space Λϕ(A) of cotype ψ , where ψ−1(t) 	 ϕ(1, t1/q).
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